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Abstract

The theoretical model behind the pigeon post as a link layer in a
communication network was introduced by Shannon (under the
guise of studying One-Time Pads for cryptography). That is, to send
aone-hop message to v, a node u needs a mail pigeon bred and raised
at . When sending a message using a pigeon to v, node u loses the
pigeon. To send another message to v, node u needs another pigeon
of v. It has been demonstrated that the communication bandwidth
achievable with pigeon post can exceed that of networks using
other media. This has already motivated the introduction of Internet
standards that allow the use of pigeons as Internet link-layer media.

In this paper, we begin to fill in the missing piece: designing
algorithms for breeding and scheduling pigeons to meet a given
communication demand efficiently, minimizing the number of pi-
geons required. We consider singlehop, 2-hop, and multihop pigeon
use. While the singlehop variant admits a simple characterization,
both the 2-hop and the multihop variants are NP-hard. For the latter
variants, we present a polynomial-time algorithm based on demand
aggregation that achieves a 2-approximation for the number of
pigeons used. We believe that this pigeon-based perspective offers
both amusing and instructive insights into network design and
hopefully, into ornithology.
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1 Introduction

The Al revolution places heavy demands on communication band-
width, which is often the bottleneck in Al tasks such as training
models; see, e.g., [24, 32]. In the quest to increase bandwidth, re-
searchers turn to the time-tested communication method of the
pigeon post, but adapt it for modern communication. See IP over
Avian Carriers (IPoAC) [10, 47] and the Carrier Pigeon Internet
Protocol (CPIP) [22]. A motivation for such link layer standards
can be the demonstration that the bandwidth of communication
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using pigeons could be much higher than that of competing media!,
since a pigeon can carry a chip containing a substantial amount of
information by using the PEI protocol (Pigeon Enabled Internet)
in the TCP framework (Transmission by Carrier Pigeons) [7]. This
was demonstrated again in [5, 44] and in [35, 43]. Pigeons have also
been used in other layers of the Internet, see, e.g. [42, 48].

Environmental aspects also support the use of pigeon post. Fiber
optics, the current leading alternative, requires substantial amounts
of silicon, commonly in the form of sand. This comes at a time when
sand in various parts of the world is disappearing, a development
that worries environmentalists, economists, and governments [9,
28, 36]. The UN is also worried [33]. So, next time you are sitting on
the beach in the Riviera, or Cancun, or Thailand, or the Maldives,
remember that the sand is in danger. If you want to keep having
such vacations, supporting Pigeon Post as opposed to fiber optics
is the way to go.

In the long term, pigeon post also has the potential to help
increase agricultural yields. Using more pigeons generates more
guano [7]. This guano is a good fertilizer [30, 39], which suggests
that using pigeon post may help grow more food. This, in turn, may
allow one to free up land for ecological restoration, thus restoring
forests and wetlands, and increasing biodiversity. 2

The theoretical basis for Pigeon Post was laid in Shannon’s sem-
inal work [38]. Shannon, however, did not mention pigeons by
name. Instead, he referred to his version of Vernam’s encryption
protocol [46]. This is known today as a “one-time pad” and ap-
pears in many popular spy-related books in the fiction literature,
e.g. [19, 41].% The spy has some text (or a bit string) given to her by
her country’s secret service. Let us call this text a “pigeon”. Using
this pigeon, she encrypts a message to generate a “ciphertext” to
be read by the secret service (often, the encryption is just an XOR
operation between each bit of the message and the corresponding
bit of the pigeon). The service reads the message by applying the
reverse operation (often just XORing the ciphertext with the corre-
sponding bit of the same pigeon). Shannon analyzed the version in

!Provided that one does not communicate at night and that one does not mind the
shit [7].

20n a serious note, whatever one may think of pigeon post, the environmental cri-
sis [14] and the hunger crisis [26] are prevalent; let us hope that this paper will make
at least a small contribution to increasing awareness.

3A reader who reads these two books as a result of our paper has already gained a
lot from the paper. The authors do not have any financial interest in the books or the
publishers.
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: 2
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2
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2-oP -4 Algorithm 2 Theorem 3 Theorem 3
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2-HOP - 3 ILP optimal optimal §>fp0nentlzi
Theorem 5
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MULTIHOP - < arp.prox‘ H(l I +1 ,l) - ,(n ) .
Algorithm 2 Theorem 3 Theorem 3
tial
MurTizop - <3 ILP optimal optimal exponentia

Theorem 7

Table 1: Summary of results.

which both sides then discard the pigeon. Hence, if the spy initially
has x pigeons to send messages to the secret service (each such
pigeon could not be sent to anyone but that secret service), then
after the message is sent, the spy has only x — 1 pigeons remaining.

As is sometimes regrettably the case, the ancient Egyptians, Per-
sians, Greeks, Romans, etc., did not wait for Shannon’s theoretical
foundations but instead proceeded with the practice of using pi-
geons to send messages.? See [49].

Our Contributions. We view this paper as an “Introduction to
Pigeon Post”. We first formally define how network communication
can be implemented using mail pigeons (also known as carrier or
homing pigeon). We thereby assume that the mail pigeons can be
bred in a demand-aware manner, i.e., the breeders are aware of
the future communication demands. Optimizing these breeding
locations is critical as later in their lives, mail pigeons can only fly
in one direction: home (their birthplace). The objective is to find a
pigeon traffic pattern that uses as few pigeons as possible (model
details will follow).

We first analyze a scenario where messages have to be sent di-
rectly to their receivers, by a single pigeon (singlehop), and present
a simple optimal algorithm. We then generalize the model and allow
forwarding of messages using two or more homes; these homes can
serve as intermediate nodes where messages are relayed to other
pigeons (multihop). We show that the general problem is NP-hard,
even if the number of homes for forwarding is unlimited.

We further present a 2-approximation algorithm for a scenario
where we are allowed to use one intermediate node, that is, two
pigeons (2-hop). We also present elegant Integer Linear Programs
for the NP-hard problems we discuss. Our results are summarized
in Table 1.

Further Related Work. The design of demand-aware structures
such as codes (e.g., Huffman codes [25]), data structures (e.g., biased
binary search trees [8, 12, 40]), and networks (e.g., splay nets [3, 37])
is an evergreen topic in algorithm theory. Recently, demand-aware
networks have received particular interest in the context of recon-
figurable datacenter networks, whose topology can be optimized
to match the traffic workload [4, 16, 18], see, for example, Google’s
Jupiter datacenter [34]. Demand-aware networks are attractive as
communication traffic is known to exhibit substantial structure [2],
which can be exploited for optimization.

4Modern physics does not rule out the possibility of time travel, so it may be the case
that those early adopters did rely on Shannon’s work after all [29].
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Many optimization problems in communication rely on demand
matrices, including traffic engineering [17], and the early works
date back to the beginnings of the Internet [27]. There is also inter-
esting research on estimating the amount of communication to be
sent from each node i to each node j [31]. Matrices for a directed
graph (such as the graph we use here) are addressed, e.g., in [21].
For even older versions, see e.g., [23] (the famous transportation
problem) and [6].

The problem is also connected to multi-commodity flow prob-
lems [20] as well as graph layout problems [13, 15]: the design of
a demand-aware graph of degree 2 corresponds to the minimum
linear arrangement problem [3]. These problems are NP-hard in
many scenarios, also on directed networks [15] (like our demand
graph). Vehicle routing problem [45] relates to our problem as well.
However, different variants of this problem, including the multi-
depot vehicle routing [11], to the best of our knowledge, do not
consider the relaying of goods between vehicles, which is essential
for our problem.

More remotely, our storage model is inspired by the Pigeon-
Hole Principle (see, e.g., [1]): that is, if there are more pigeons
than holes in a pigeon house, then some holes will simply need to
accommodate multiple pigeons.

2 Model

In our model, communication demands may arise between differ-
ent locations. We represent these locations by a set of nodes V
with |V| = n and the communication demand as a directed and
unweighted demand graph Gp = (V, Ep). There is a directed edge
(i,j) € VXV with i # j in Gp, if there is a communication demand
from node i to node j. We assume that the demand graph is stored
in an adjacency matrix Mp, which we refer to as the demand matrix.
Note that M is not necessarily symmetric and satisfies Mp (i, i) = 0
foralli € V.Nodes with outgoing demand are referred to as sources
s € S, and nodes with incoming demand as destinations d € D;
note that a node may play both roles.

The communication infrastructure is induced by pigeons and can
be viewed as a dynamic directed multigraph, called infrastructure
graph. Let P denote a set of pigeons (at a given time). Each pigeon
p € P is associated with two nodes: a home node h(p) € V, where
the pigeon was bred and (only) to which it can fly, and a remote
node r(p) € V, where the pigeon is initially placed. As we will
see, our problems concern defining home and remote nodes so that
a minimal number of pigeons can serve a given communication
demand. Upon release from its remote location, pigeon p flies di-
rectly from r(p) to h(p) without intermediate stops. A pigeon thus
induces a directed edge (r(p), h(p)) in the infrastructure graph.
When p flies, the edge is deleted. Multiple pigeons may induce par-
allel edges between the same pair of nodes, each used at a different
time, to ensure that transportation demand is satisfied.

The communication demand does not need to be carried directly
from its source to the destination by a single pigeon. Instead, de-
mand may be routed along directed paths in the infrastructure
graph. A unit of demand originating at node i and destined for node
Jj may traverse a sequence of intermediate nodes. At intermediate
nodes, demand can be gathered from arriving pigeons and split
to the corresponding departing pigeons. Similarly, demand from
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multiple arriving pigeons can be batched together and sent using a
single pigeon.

We distinguish between singlehop, 2-hop, and multihop uses of
pigeons. In the SINGLEHOP ) problem variant, each unit of de-
mand must be transported directly from its source to its destination
by a single pigeon, without using intermediate nodes. Consequently,
no aggregation or forwarding of demand is allowed, and a pigeon
flying from node i to node j can only carry demand destined for j
that originates at i. In the 2-HOP ) problem, the demand from
node i to node j may either be transported directly or routed via
a single intermediate node /, resulting in a path i — [ — j in the

infrastructure graph.

5

The MULTIHOP - = problem is a generalization of the 2-HoP -
-4 in which communication demand may be forwarded through
multiple intermediate nodes via multiple pigeons sequentially.

In this paper, we assume that pigeons can carry arbitrary amounts
of information. When a pigeon p arrives at its home node h(p), all
the demand it carries is delivered to the home node. If h(p) is not
the final destination of the demand, the information can be stored
at that node and forwarded at a later time by pigeon p’, which
has h(p) as its remote node, i.e., h(p) = r(p’). In that case, h(p)
is an intermediate node for the demand. Demand may wait arbi-
trarily long at nodes before being forwarded further. Nodes have
unlimited storage capacity and may aggregate incoming demand
without restriction. This part of the model actually follows from
the Pigeon-Hole Principle: that is, if there are more pigeons than
holes at pigeon house h(p), then some holes simply will need to
accommodate multiple pigeons. Figure 1 illustrates a demand graph
and a corresponding infrastructure graph induced by pigeons in a
MurTiHOP - problem.

The demand is delivered successfully if there exists an assign-
ment of all demands to pigeon flights over time such that, for every
demand pair (i, j) € Gp, the demand is routed from i to j along a
directed path in the (dynamic) infrastructure graph. In general, for
the three problems SINGLEHOP - <, 2-HOP - =) and MULTIHOP -

4 the pigeon post operates in two conceptual phases. In the first,
offline planning phase, the complete demand matrix Mp is known,
and our objective is to breed pigeons (i.e., define their home nodes)
and place them in their remote nodes according to our network
design decisions. In the second phase, the execution phase, pigeons
fly to their home nodes according to the required schedule (i.e., wait
for the predecessor pigeon in multihop routing with intermediate
nodes). The demand is routed along the established infrastructure
graph following a predefined schedule.

Our objective is to construct an infrastructure graph that routes
all demands from the demand matrix while minimizing the total
number of pigeons. Besides the minimization problems, we also
consider decision versions of these problems (e.g., when studying
hardness), where we ask whether a given demand can be satisfied
with at most k pigeons.

3 Theoretical Results

In this section, we present theoretical results for the three problem

5

variants: SINGLEHOP - -, 2-HOP -A‘, and MurTraOP - <3 . For all
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Figure 1: On the left side a demand graph Gp is depicted with
3 source and 3 destination nodes. The right side shows the
corresponding infrastructure graph G; induced by pigeons,
illustrating an optimal placement and routing solution that
satisfies all the demands while minimizing the total number
of pigeons used. In this example, a pigeon p flying from s; to
s1 has s; as its birthplace, i.e. A(p) = s;. The pigeon is brought
to a remote node ss, i.e. r(p) = s3, and flies home directly to
S1.

three problems, we present a simple lower bound on the number
of pigeons needed:

THEOREM 1 (LOWER BOUND ON THE NUMBER OF PIGEONS). The
minimal amount of pigeons needed to transfer the entire demand is
|P| = max(|S|, |D|), where P denotes the set of pigeons, S and D a set
of demand sources and demand destinations, respectively.

Proor. Observe that for each edge (i, j) in the demand graph,
there must be at least one pigeon starting in the remote node i.
Similarly, there must be at least one pigeon arriving in its home j.
The lower bound is achieved by summing over all remote nodes and
home nodes, respectively, and choosing the maximum value. O

3.1 SINGLEHOP - Solution

We begin by considering the singlehop pigeons (SINGLEHOP —A‘)
problem, in which each unit of demand must be transported di-
rectly from its source to its destination by pigeons. In contrast to
the multihop setting, intermediate nodes are not permitted, and
demand cannot be aggregated or forwarded through other nodes.
Consequently, each pigeon can only carry demand originating at
its remote node and destined for its home node.

Algorithm 1 shows a trivial solution in the SINGLEHOP - set-
ting, in which each source node sends a pigeon directly to the
corresponding destination. In particular, the problem reduces to
selecting a pigeon for each edge in the demand graph. Observe that
the optimal solution can be computed efficiently, as it only needs
to consider all sources and destinations. In the worst case, however,
all n? demand edges are present in the graph. These results are
summarized in the following theorem:

THEOREM 2. Algorithm 1 computes the optimal amount of pigeons
in O(|S| + |D|) time. This algorithm uses ©(n?) pigeons in the worst
case.
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Algorithm 1 SINGLEHOP ) Algorithm

Algorithm 2 2-HOP -} Coordinator Algorithm

1: P10
Offline Planning Phase
2: for all directed edges (i, j)) € VX V with i # j do
3 if (i, j) € Gp then
4 breed pigeon p at node j
5 r(p) « i, h(p) « j > set remote and home node
6: ship pigeon p to node i
7 P — PU{p}
8 end if
9: end for
Flight Scheduling Phase
0: let all pigeons fly simultaneously to their respective homes

=

3.2 2-HOP -A‘ Solution

We now move beyond direct communication and study the use of
intermediate nodes. Allowing demand to be forwarded through
other nodes significantly increases the capabilities of the pigeon

post by enabling mail aggregation before it is delivered to its final

destinations. We first focus on the 2-Hop - ¥ problem, in which

each demand is routed using at most two pigeon flights. The 2-aOP -
- problem can be viewed as a restricted form of the general Mur-
TIHOP - problem, in which all mail delivery paths are required
to have a length of at most two.

Algorithm 2 presents the 2-HoOP -« coordinator algorithm. The
coordinator algorithm is based on gathering all the demand at one
node, called the coordinator. Then, the coordinator spreads the
demand and sends pigeons to the corresponding destinations. Note
that we consider each weakly connected component separately in
the algorithm, and pick the node with the largest degree in the con-
nected component as the coordinator. Any demand in a connected
component is then carried from one source to the coordinator (with
one pigeon) and then from the coordinator to the destination (using
a single pigeon for each destination).

THEOREM 3. Let ¢ denote the number of weakly connected compo-
nents in Gp, and Cy, . . ., C. be the corresponding weakly connected
components. We use A(C;) to denote the maximum degree of the
weakly connected component C;. Algorithm 2 computes a solution with
up to|S|+|D|=2iere) A(G) pigeons. It is thus a (2— % ;e[ A(Ci) /n)-

5

approximation of the optimal 2-HoP -~ solution. The algorithm runs
in O(n?) time.

Proor. In each weakly connected component, Algorithm 2 se-
lects a coordinator node and routes the whole demand in two phases:
first, all sources send their entire demand to the coordinator, and
second, the coordinator sends the accumulated demand to the cor-
responding destinations. In each weakly connected component, the
algorithm correctly serves the demand.

This solution requires at most one pigeon from each source
in S to the respective coordinator and at most one pigeon from
the coordinator to each destination in D, resulting in a cost of
at most |S| + |D| pigeons. Since the coordinator is chosen to be
the highest degree node in the weakly connected component, i.e.,
it is a source and/or a destination, the solution saves at least as

P10
2. Execute the following algorithm for each connected component
of GD
3: coordinator K « highest degree node of the current connected
component
Offline Planning Phase
: for all nodes i € V with i # K do
if 3 jcv Mp[i, j] > 0 then
breed pigeon p
r(p) « i, h(p) « K » gather all outgoing demand of i
at coordinator

N Tk

8 ship pigeon p to node i
9: P« PuU {p}

10: end if

11: end for

12: for all nodes j € V with j # ¢ do
13: if Y;cy Mpli, j] > 0 then

14: breed pigeon p

15: r(p) < K, h(p) < j » send all demand destined for j
from coordinator

16: ship pigeon p to node K

17: P —PU{p}

18: end if

19: end for

Flight Scheduling Phase
20: let pigeons with a home in K fly to K
21: let pigeons with a home not in K fly from K to their homes

many pigeons as A(C;) for each weakly connected component
Ci,i € [c]. Let ALG denote the total cost of the algorithm. Then,
ALG <IS| + ID| = Sie(e) MC).

In Theorem 1, we derived a lower bound of max(|S|, |D|) on the
number of pigeons for an optimal solution OPT. The approximation
ratio of Algorithm 2 can be computed as

ALG < |S| + |D| - Z A(C;) < 2 -max(|S],|D]) - Z A(Cy)

i€[c] ie[c]

<(2- Z A(C;)/n) - OPT.

i€lc]

Hence, the algorithm computes a (23 ;¢ A(C;)/n)-approximation
of the optimal solution.

The computed approximation factor for Algorithm 2 is tight.
Consider for example a cyclic demand instance on n nodes, where
each node has exactly one outgoing demand and exactly one in-
coming demand. There is only one connected component in the
demand graph, and every node has degree 2. In this case, the opti-
mal solution requires n pigeons, while the Algorithm 2 uses 2-n—2
pigeons, resulting in an approximation factor 2 — 2/n.

The runtime of the algorithm is dominated by the computation
of the weakly connected components which can be done in O(n?)
time. m]

In the following, we show that it is hard to compute an optimal
solution for the 2-Hop - problem.
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THEOREM 4. The decision variant of 2-HOP -3 is NP-hard.

Proor. We reduce from 3SAT. An instance of 3SAT consists of a
Boolean formula ¢ in conjunctive normal form, where each clause
contains exactly three literals.

Given an instance ¢ of 3SAT, we construct an instance (Gp, k)
of 2-HOP - ¥ as follows. The demand graph Gp = (V, E) consists
of one node for each clause Cy, ..., Cp; one node for each positive
literal x1, . . ., x, and negative literal X1, . . ., X,; one special node
and additional (6n + 12)(2n + 3m) nodes, which will be explained
later. We set k = 12n% + 18nm + 27n + 39m.

We place the demand edges as follows: from each clause C; to
each literal x; or X; that appears in that clause; from each clause
C; to the special node = ; from each literal to = ; from x; to X; and
from X to x; for each j € [n]. Demand edges from each clause C; to
each literal x; or X; that appears in that clause and between literals
are called forced edges. In total, there are 2n + 3m forced edges. For
each forced edge e = (a,b), we add (6n + 12) additional nodes uf]
with i € [2n + 4] and j € [3]. We also add demand edges (u;,u;,),
(U, ufs), (ufy ufs), (Ui, a), (ufs5,a), and (uf;, b) for each forced
edge e = (a,b) and each i € [2n + 4]. For each forced edge e and
each i € [2n+4], we call the set {u{, uf,, uf } an arm of the forced
edge gadget for e. An example of the construction is shown in
Figure 2 and the forced edge gadget is illustrated in Figure 3. Since
the construction can clearly be computed in polynomial time, it
remains to show correctness.

(=) Assume that ¢ is a yes-instance, that is, there exists a truth
assignment to the variables of ¢ such that all clauses are satisfied.
Now, we build a solution for the constructed instance (Gp, k) of 2-
HOP - <3, We place the pigeons in the following way: three pigeons
in each clause C; with home node literal x; that appears in that
clause (total 3m pigeons); one pigeon in literal x; with home in
X; and one pigeon in X; with home in x; for all j € [n] (total 2n
pigeons); one pigeon in x; or x; with home node = based on the
truth assignment in ¢ for all j € [n] (total n pigeons). Additionally,
for each forced edge e = (a,b) and each i € [2n+4], we add a pigeon
in uf, with home node u{,; one pigeon in u{, with home node u;,;
one pigeon in uf; with home node a (total 6n + 12 pigeons per
forced edge). This construction is shown in Figure 3. Note that the
total number of pigeons placed is 3m+2n+n+ (2n+3m)(6n+12) =
12n* + 18mn + 27n + 39m = k.

We next discuss how to schedule the pigeons. First, we let the
pigeons fly from uzl to uzz, then “Ez to u§:3, and finally uZS to a for
each forced edge e = (a,b) and each i € [2n + 4]. Next, pigeons fly
from each clause C; to the literals appearing in that clause. Then,
pigeons between the literals x; and x; for all j € [n]. Finally, for
every variable x;, a pigeon is released from x; to = if x; is assigned
true and a pigeon is released from x; to = if it is assigned false.

Now, we show that each demand is satisfied either directly or
over two hops using an intermediate node in the constructed in-
frastructure graph. In particular, whenever a pigeon is placed on
an edge (u,v), the corresponding demand (u, v) is satisfied by this
direct flight. The only demands that are not satisfied in this way
are (ufy, ufs), (uf,, a), (ufs, b) for each forced edge e = (a,b) and
eachi € [2n+4], (C;, ) for each clause C;, and for each variable x;
either (x;, ) (if x; is set to false) or (x;, ) (if x; is set to true).
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Figure 2: The constructed demand graph for ¢ = (x; Vx3Vx2) A
(x5 V x4 V x5) without forced edge gadgets is illustrated above.
Demand edges are added from C; and C; to their three literal
nodes and to the star, from x; to x; and from X; to x; for all
Jj € [n], and from each literal (x; or X;) to the star. Forced edges
are depicted with thick lines. Below is the corresponding
infrastructure graph for the assignment (x1, x2, x3, x4, X5) =
(TRUE, FALSE, TRUE, FALSE, FALSE).

e

Uia uj, U3 a
HS0O=4H-0=
O=d>O=d y

Uy, Uy, U
O
b

Figure 3: Two arms of a forced edge gadget in the demand
graph are illustrated on the left. Edge e = (a,b) is forced
and depicted with a thick line. On the right, a corresponding
infrastructure graph that satisfies the forced edge gadget
from the demand graph with the forced edge and 3 pigeons
per arm is shown.

The demands within each forced edge gadget are satisfied over
2-hop paths with pigeons flying uf;, — uf, — ufy;uf, — uf,
and uf; — a — b, respectively. The demand from each literal x;

— a;

assigned false (or X; where x; is set to true) to = is satisfied over
apathx; - X; > (orX; — x; — ). Finally, the demand
(Gi, ) is satisfied with a 2-hop flight C; — x; — = where x; isa
variable appearing in C; that is assigned true (or X; and x; is set to
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false). Note that this variable must exist as otherwise ¢ would not
be satisfied, which contradicts our assumption.

(&) Now, assume that (Gp, (11n + 15m)) is a yes-instance of
2-HOP - <} We will show that each forced edge gadget can be
assigned a score of 6n + 13 in any solution where each pigeon
gives a total score of at most 1. Hence, a total score of at most k —
(2n + 3m)(6n + 13) = n can be unassigned and no forced edge
gadget can be assigned more than 7n + 13 as otherwise the solution
contains more than k pigeons. To define the score of a gadget we
distinguish between public and private nodes. A node u; ; for some
forced edge e and any i, j is called a private node and all remaining
nodes (Cj, xj,x;, ) are called public. First, for each private node v,
note that at least one pigeon has to leave from v since v is a source
for some demand. We arbitrarily assign one of the pigeons leaving v
(a score of 1) to v and the score of any private node v = %} ; is also
assigned the forced edge gadget for e. Afterwards, all unassigned
pigeons are assigned as follows: If the pigeon flies from u to v where
both u and v are public nodes, then no node is assigned a score, but
if (u, ) is a forced edge, then a score of one is added to the forced
edge gadget for (u, v). If exactly one of the nodes u and v is a public
node and the other is a private node, then a score of one is assigned
to the private node. Finally, if both are public nodes, then a score
of % is added to each of the two nodes. Note that each pigeons gives
a total score of at most one to all nodes and also a total score of at
most one to each forced edge gadget. Moreover, since each private
node is assigned a score of at least one, each forced edge gadget is
assigned at least a score of 6n + 12.

Let e = (a, b) be a forced edge, we show that if no pigeon flies
from a to b in the solution, then each arm of the forced edge gadget
is assigned a total score of at least 3.5. Since the number of arms
is 2n + 4 > 2, each forced edge gadget is thus assigned a score of at
least 6n+13. Moreover, if no pigeon flies from a to b, then the forced
edge gadget for e is assigned a score of at least 3.5(2n+4) = 7n+ 14.
As argued above, this means that the number of pigeons in the
solution is larger than k, a contradiction. So now assume towards a
contradiction that any arm {ul U ¢, uf,} is assigned a total score
of less than 3.5 and no pigeon flies from a to b. Since each pigeon
assigns a score of % or 1 to a node and each node is assigned a
score of at least one, the three nodes in the arm are assigned a score
of exactly three and each node in the arm is assigned a score of
exactly one. Note that this implies that each node has exactly one
pigeon in the solution that leaves the respective node. No pigeon
flies from u{, to a as no pigeon flies from a to b in the solution and
thus the demand (uf 3, b) cannot be satisfied by a 2-hop path. For the
same reason, no pigeon flies from uf, to uf, as the demand (u{,, @)
could not be satisfied and no plgeon ﬂles from uy, to uf, as the
demand (ul » 13) could not be satisfied. Let ¢ be the node such
that a pigeon flies from uf; to ¢ in the solution. We make a case
distinction whether ¢ = u¢ i3 or not. If ¢ # uf i3 then note that one
pigeon has to fly from c to u{, and one pigeon has to fly from ¢
to u; ;. At most one of these pigeons is fully assigned to c and the
other adds a score of at least } to the three nodes in the arm, raising
the total score to at least 3.5. So assume that ¢ = ug,. To sat1sfy the
demand (uj ,uf,), one pigeon has to fly from u, to u;,. Then, a
pigeon has to fly from u?, to both a and b, contradlctlng that exactly
one pigeon leaves each of the three nodes in the arm. This shows
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that if no pigeon flies from a to b, then the total score of each arm
is at least 3.5 and the number of pigeons in the solution is larger
than k. Finally, note that since we may assume that a pigeon flies
from a to b for each forced edge e = (a, b), it holds that the score
assigned to the forced edge gadget for e is at least 6n + 13 and each
pigeon that flies from a public node to a private node in the gadget
increases the score by one.

To conclude the proof, consider the set of all pigeons in a solution
that do not fly from a to b for some forced edge (a, b) and that do
not start in a private node. These are all but at least (2n + 3m)(6n +
13) = k — n. Hence, these are at most n pigeons. Assume towards
a contradiction that for some variable x;, none of these pigeons
starts at x; or X;. Then, the only pigeons leaving x; and X; are
the pigeons flying the forced edges (x;,%;) and (X}, x;). Thus, the
demands (x;, ) and (xj, ) arenot satisfied, a contradiction. Thus
for each variable x;, exactly one of the n pigeons flies from x; or
from X;. We define a truth assignment by setting x; = TRUE if
xj is the node that the additional pigeon flies from and to FALSE
otherwise.

It remains to show that the constructed assignment satisfies ¢.
To this end, consider any clause C; and the demand (C;, ). As no
pigeons are left to fly from C; to = directly and the only pigeons
flying from C; are to the three nodes representing literals that
appear in C; (the three forced edges incident to C;), it must hold
that a pigeon flies from one of these three nodes to = . These has to
be one of the n pigeons that do not fly forced edges and do not start
in a private node. Hence, at least one of the three nodes is assigned
an additional pigeon and by construction, the assignment of that
variable satisfies C;. Since all variables are satisfied in this way be
the assignment, ¢ is satisfied and the original instance of 3SAT is a
yes-instance. This concludes the proof.

o

In the following, we will present an ILP formulation of the 2-
HoP - problem. To simplify the formulation, we make use of the
following lemma:

LEmMMA 1. Any optimal solution for both Murtizop- <3 and

2-Hop -3 requires at most 2(n — 1) pigeons.

Proor. We show this statement by presenting a solution that
uses 2(n — 1) pigeons for any demand graph. We build an infras-
tructure graph as a directed cycle, where the nodes along the cycle
are following some arbitrary order. Assume WLOG that the nodes
are ordered as vy,0y, . ..,0, along the cycle. We place pigeons at
the nodes as follows: two pigeons at each node v;, i € [n — 2] with
a home at v;44, one pigeon at v,_; with a home at v,, and one
pigeon at v, with a home at v;. We release the pigeons sequen-
tially, one at a time, starting with node v;. This pigeon carries the
demand from v, to all other nodes in the graph. Once the pigeon
arrives at v,, the remaining demand from v, is forwarded with the
next pigeon, together with the demand from v, to all other nodes.
After making one cycle through all nodes, node v; will receive a
pigeon with demands from nodes v, . ..,v, with destinations in
1, ...,0n—1. Observe that at this point, the demand of node v; has
been delivered to all nodes. However, the demand of node v,, has
only been delivered to node v; so far. Therefore, we need to con-
tinue forwarding the remaining demand through the cycle, up to
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Figure 4: The constraints of the ILP for 2-HOP )

node v,,_;. This construction always forwards all the demand with
2n — 2 pigeons. ml

The following theorem establishes the properties of an ILP we

5

present for the 2-HOP -« problem.

THEOREM 5. There is an ILP with O(n*) variables and O(n®) con-
5

straints for 2-HoP-~<), where all variables are binary.

Proor. Let (G = (V,E), k) be an instance of 2-HOP - . We
construct an ILP with a binary variable x/,, for each pair u,0 €
V and each i € [2n — 2] and a binary variable ¢!, , for each
edge (u,v) € E, each node w € V, and each i € [2n — 2]. The
variable x. , is set to true if the i pigeon flies from u to v. Note
that by Lemma 1, we may assume that at most 2n — 2 pigeons
are required. The goal is to minimize the number of pigeons, that
is, Yy vev Dic[2n-2] x!, ,, and a solution with k pigeons will exist if
and only if the goal value is at most k. The constraints are listed in
Figure 4.

Since the number of variables is clearly in O(n*) and the numbers
of constraints is in O(n%), it remains to show that the ILP is correct.
The variable y’, , , will be set to true if and only if the demand (u, v)
is routed via node w and the i pigeon transports the message
from u to w.

To show correctness, first assume that there is a solution with k
pigeons. We may assume without loss of generality that no two
pigeons fly at the same time, and hence we can order all pigeons in
the order they fly. Then, we set x’,, = 1 if and only if the i pigeon
flies from u to v. For each demand (u, v), if any pigeon flies from u
to v directly, then we set all variables ¢/, ,, , = 0. Otherwise, there
is at least one node w such that a pigeon i flies from u to w and a
later pigeon j that flies from w to u. We arbitrarily chose one such
pair w, i and set y}, ,,, to true. Note that requirements 1, 2, and 3
are now all satisfied by construction. Moreover, since we assume
that for each chosen pair (w, i) a later pigeon j flies from w to o,
also constraint 4 is satisfied.

In the other direction, assume that there is a solution to the ILP
where the goal value is at most k. We will let a pigeon fly from
a node u to node v in time step i if and only if x/,, = 1. Note
that by construction at most k pigeons fly (each at some time step
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between 1 and 2n — 2). It now only remains to show that each
demand is satisfied by the constructed solution. So consider any
demand (u,v). If some pigeon flies from u to v directly, then the
demand is satisfied. Otherwise, x},, = 0 for all i € [2n — 2]. By
constraint 2, at least one variable v/, ,, , is set to true. By constraints 3

and 4, x,’;’w and x{w are set to 1 for at least one node w and one
value j € [2n—2] with j > i. Thus, the demand (u, v) is satisfied by
the pigeon flying from u to w at time i and the pigeon flying from w
to v at time j. Since the demand was chosen arbitrarily, all demands
are satisfied in this way, and the ILP is therefore correct. O

3.3 MULTIHOP - < Solution

Observe that Algorithm 2 is also a (2 - X;¢[] A(C:))-approximation

for the MuLTIHOP - % problem. We next show that also the MurTI-

HOP - problem is NP-hard, and provide an ILP for this problem.
The proof of NP-hardness is based on the following three lem-

mas:

LEMMA 2. If the demand graph G = (V, E) is weakly disconnected,
then each weakly connected component of G can be solved indepen-

)

dently for MurtiHOP- = and the minimum number of pigeons
required for G is the sum of the minimum numbers of pigeons re-
quired for each connected component of G.

Proor. Consider a graph G = (V, E) with two weakly connected
components, denoted C; and C,. Assume by means of contradiction
that there is an optimal solution where a pigeon p flies from C; to
C,. Since C; and C, are weakly disconnected, the destination nodes
in C; and C; are disjoint. Consider first the case where p has not
carried any demand, then the solution was not optimal because it
wasted a pigeon. Thus, pigeon p must have carried some demand.
WLOG, assume that this demand was from sources in C;, and thus
has destinations in C;. But then, there must exist at least one other
pigeon that carries the demand back from C, to C;. In this case,
however, we could have saved at least one pigeon by avoiding a
detour over the nodes in C,. This is a contradiction to the fact that
we had an optimal solution. O

LEmMMA 3. If the demand graph G = (V,E) is weakly connected,
)

then there is always an optimal solution for MULTIHOP -~ in which
only one pigeon flies at a time and the pigeon starting at time i starts
at the same node that the pigeon flying at time i — 1 ended their flight
foralli > 1.

ProOF. Let OPT be an optimal solution. We assume without loss
of generality that the pigeon flights in OPT are strictly ordered.
This is possible, as any two flights that happen at the same time
cannot conflict each other and thus can be ordered arbitrarily. For
simplicity, let e; = (a;, b;) denote the edge in the infrastructure
graph that corresponds to the i-th pigeon flight in OPT and let OPT;
denote the partial solution only containing the first i flights.

For each 0 < i < |OPT|, we build a sequence o; of pigeon
flights satisfying the following two conditions. First, all pigeon
flights in a weakly connected component of the infrastructure graph
corresponding to o; occur consecutive and the starting node of each
pigeon is the destination of the previous pigeon unless it is the first
flight in a weakly connected component. Second, for each pair (u, v)
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of nodes (not necessarily terminals), if a pigeon route from u to v
exists in OPT;, then it also exists in o;, that is, each node has at
least as much information after pigeons flew according to o; as
for OPT;. Note that if we succeed with this construction for all i,
then the final sequence o|ppr| is an optimal solution satisfying the
requirements of the lemma.

Let oy be the empty sequence. Note that oy fulfills our require-
ments. Now assume that o;_; fulfills our two requirements. We
will show how to construct o;. Consider the i-th pigeon flight e; =
(ai, b;). We consider two cases: either both a; and b; belong to the
same weakly connected component of the infrastructure graph
corresponding to o;_; or not. If both belong to the same weakly
connected component, then consider the subsequence of o;_; of
all flights in this component and let ¢ be the destination of the last
edge in this sequence. Now insert the flight (c, b;) to the end of the
subsequence (and shift all flights that appear later in ¢;_; one time
slot back). Note that the length of the sequence increased by exactly
one. Moreover, the first requirement is met since e; only contains
vertices from one weakly connected component and the new flight
starts at the last node of the previous subsequence. For the sec-
ond requirement, note that all nodes who have a pigeon tour to a;
in 0;_; also have a pigeon route to c. Thus, the pigeon flight (c, b;)
ensures that node b; learns at least as much information in o; as it
does in OPT;.

Now consider the case where e; = (a;, b;) connects two weakly
connected components of the infrastructure graph corresponding
to o;_1. We build o; as follows. First, let 7, and ;, be the subse-
quences of g;_; of all edges in the weakly connected components
containing a; and b;, respectively. Let ¢ be the destination of the
last edge in 7, and let d be the first starting point of an edge in .
Now, we remove both r, and 7, from o;_; and instead add the se-
quence 7, © ((c,d)) o mp at the end. Note that o; is longer than o;_4
by exactly one and thus has size i = |OPT;|. The first requirement is
met by construction and it remains to show that the second require-
ment is also met. To this end, note that 7, and 7 are disjoint and
hence no node in either weakly connected component has received
any message from a node in the other component. Adding e; in OPT
hence only gives b; information about all nodes that a; knows about.
Note that ¢ has knowledge about all nodes appearing in 7, in ;_4
and therefore also in 7,. Moreover, there is a pigeon flight from d
to b; in 73, and hence b; has full knowledge about all nodes in the
component of g; in o;. Thus, the second requirement is met and
this concludes the proof. O

Using these lemmas, we can now show the hardness of the MutL-
TIHOP - problem. Note that this result is incomparable to Theo-

rem 4 and neither result immediately implies the other.

THEOREM 6. The decision variant of Murtizop -3 is NP-hard.

Proor. We reduce from VERTEX COVER. To this end, let (G =
(V,E), k) be an instance of VERTEX COVER and assume without
loss of generality, that G is connected and contains at least one
edge. Note that this implies that each node in V is incident to at
least one edge in E. We will construct an equivalent instance (G’ =
(V,E"), k") of MuLTIHOP -} on the same node set V as follows.
For each edge {u, v} € E, we add the two edges (u,v) and (v, u) to E’.
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Figure 5: An example instance of VERTEX COVER on the left
and the corresponding equivalent instance of MULTIHOP -
-4 on the right.

To conclude the construction, we set k” =n + k — 1, where n = |V/|.
See Figure 5 for an example of the above construction.

Since the construction can clearly be computed in polynomial
time, it only remains to prove that the constructed instance of
Murtizop - 3 is a yes-instance if and only if the original instance
of VERTEX COVER is a yes-instance. For this, first assume that the
original instance of VERTEX COVER is a yes-instance and let K be a
vertex cover of size at most k in G. Let s € K be an arbitrary node
and let 7 = (uy, uy, ..., ux|) be an arbitrary ordering of the nodes
in K where s is the last node and let 7 = (v, 0, ...,0,_|g|) be an
arbitrary ordering of the nodes in V' \ K.

We now construct a solution for the constructed instance of MutL-
T1HOP - <3 . First, we place one pigeon in each node v; whose home
is node v, for all i < n — |K|. We also place one pigeon in s = y|g|
whose home is ; and one pigeon in v,,_ x| whose home is u;. Finally,
we place two pigeons in each node u; with 1 < i < |K| whose home
is u;+1. Note that we placed exactly n + |[K| -1 <n+k -1 =k’ pi-
geons. Next, we iteratively let one pigeon fly at a time as follows.
We start with a pigeon flying from u; to u. Then a pigeon flying
from u;, to u3 and so on. Once a pigeon arrives at u|g| = s, the next
pigeon flies from s to v;. Afterwards, a pigeon flies from v; to vy,
then from v, to v3 and so on until a pigeon arrives at v,_|x|. Now,
the pigeon starting in v,,_ k| flies to u;. From now on, the second
pigeon in each node u; iteratively flies to u;.; for each i < |K]|.

We will next show that each demand is satisfied by the above
construction. To this end, we show that for each demand (u,v),
there is a subsequence in 7 o 7 o & which starts in u and ends
in v, where o is the concatenation operation. By construction, any
subsequence corresponds to a sequence of pigeon flights that start
and end at the respective nodes and are performed in the order
given by the sequence. Thus, the information starting in node u is
moved via pigeons iteratively and finally reaches v.

Note that each demand (u,v) implies that there is an edge {u, v}
in E and hence at least one of the two nodes is contained in K. If u
is contained in K, then the sought-after subsequence starts in the
first occurrence of 7 and ends in either 7 or the second occurrence
of = depending on whether v is contained in V' \ K or in K. If only v
is contained in K, then the subsequence starts in 7 and ends in the
second occurrence of 7. Since each node in K is contained in 7 and
each node in V'\ K is contained in 7 by definition, the subsequences
exist and we have successfully constructed a solution.

In the other direction, assume that the constructed instance of
MurrizoP - is a yes-instance. By Lemma 3, we may assume that
a solution describes a walk through G” as G’ is connected since G
is connected. Let K be the set that includes all nodes in which at
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Figure 6: The constraints of the ILP for MuLTIHOP -,

least two pigeons are initially placed in a solution as well as the
the destination of the last pigeon flight. We will show that K is a
vertex cover of size at most k. First, note that since each node in V
is incident to at least one edge in E, it also holds for each node u
that there is a demand of the form (u,v) € E’. Hence, at least one
pigeon needs to start in each node as otherwise this demand cannot
be satisfied. Since the number of pigeons is at most k" = n+k—1,it
holds that |K| < k—1+1 (the last +1 comes from the last destination
added to K). Assume towards a contradiction that K is not a vertex
cover. Then, there is an edge (u,v) such that neither u nor v is
contained in K. Then, both of u and v appear once in the walk
described by the assumed solution, as each node appearing twice
either ends the walk or has two outgoing edges, which corresponds
to two pigeons starting there initially.

Since both u and v appear once, one of the two occurs earlier than
the other. Let us assume without loss of generality that u appears
before v. Then, the constructed demand (v, u) (recall that {u, v} €
E and hence (u,0) € E’ and (v,u) € E’) cannot be satisfied as
whenever a pigeon leaves from v, no pigeon arrives at u to deliver
the message, a contradiction to the assumption that we started with
a solution. Thus, K is a vertex cover of size at most k and the original
instance of VERTEX COVER is a yes-instance. This concludes the
proof. ]

In the following theorem, we present an ILP formulation of the

MULTIHOP - <} problem.

THEOREM 7. There is an ILP with O(n*) variables and constraints
for MurtiHOP -8 where all variables are binary.

Proor. Let (G = (V, E), k) be an instance of MULTIHOP ) By
Lemma 2, we may assume that G is connected as otherwise, we can
solve each connected component independently. We construct an
ILP with a binary variable x/ for eachv € V and each i € [2n] and a
binary variable y;]v for each edge (u,v) € Aand eachpairi, j € [2n]
with i < j. The goal is to minimize Yyey 2ic[2n] x. and a solution
with k pigeons will exist if and only if there is a solution to the ILP
where the goal value is at most k + 1. The constraints are listed in
Figure 6.

Since the number of variables and constraints is clearly both
in O(n?), it remains to show that the ILP is correct. To this end,
we use Lemma 3 and Lemma 1. We may assume that a solution is
described by a walk of length at most 2n—1. We simply represent this
walk by its at most 2n nodes. We set x, = 1 if and only if v appears
in position i in this sequence. Note that Constraint 5 ensures that
at most one node appears in each position, and the goal function
describes the total number of nodes appearing in the sequence. This
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number minus one is then the required number of pigeons as we
claimed.

So it only remains to show that each demand is satisfied by a
solution to the ILP. To this end, we use variable yf/z, to denote that
demand (u, v) is picked up at time step i and delivered in time step j.
Constraint 6 ensures that each demand is satisfied in this way, and
Constraint 7 ensures that the solution walk is at node u at time i
and at node v at time j. Note that whenever y,;, is set to 1, then in
order to satisfy Constraint 7, both xf‘ and xi have to be setto 1 as
well. This concludes the proof. O

4 Future Work

We view this paper as an “Introduction to Pigeon Post Theory”
because it opens the door to many research avenues. First, through-
out the paper, we focused on unbounded capacity pigeons, and the
algorithmic and hardness results were derived under this assump-
tion. An immediate question is how these results change when
pigeons have bounded capacities, that is, when each pigeon can
carry only a limited amount of information. For the special case
of unit capacities, our hardness results for the 2-hop and multi-
hop models seem to remain similar. Whether tight approximation
results persist for bounded capacities, or whether new phenom-
ena arise, remains an interesting open problem. Second, while the
present work focuses on minimizing the number of pigeons, other
cost measures are equally natural. For instance, we could consider
every pigeon hop as a time step and try to reduce the time needed
to deliver all messages. Additionally, one may consider the cost
of transporting pigeons to their remote nodes, possibly allowing
batching of deliveries to multiple nodes. Studying such cost-aware
variants would further connect the model to classical network de-
sign and facility-location problems. Another promising direction
concerns the dynamic demand. In this work, demands are assumed
to be known in advance. Instead it would be interesting to study
settings in which demands arrive over time, either according to a
known process, stochastically, or adversarially. This naturally leads
to online and competitive variants of the problem. Finally, it would
be interesting to investigate distributed algorithms in the pigeon
model. Since sending a message consumes a pigeon and effectively
removes a directed edge from the infrastructure, one may ask how
to perform distributed computation while minimizing pigeon usage,
or how to compute without disconnecting the network.
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